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On a Dynamical Brauer–Manin Obstruction
LIANG-CHUNG HSIA AND JOSEPH H. SILVERMAN
Abstract. Let ϕ : X → X be a morphism of a variety de-
fined over a number field K, let V ⊂ X be a K-subvariety, and
let Oϕ(P ) = {ϕn(P ) : n ≥ 0} be the orbit of a point P ∈ X(K).
We describe a local-global principle for the intersection V ∩Oϕ(P ).
This principle may be viewed as a dynamical analog of the Brauer–
Manin obstruction. We show that the rational points of V (K) are
Brauer–Manin unobstructed for power maps on P2 in two cases:
(1) V is a translate of a torus. (2) V is a line and P has a prepe-
riodic coordinate. A key tool in the proofs is the classical Bang–
Zsigmondy theorem on primitive divisors in sequences. We also
prove analogous local-global results for dynamical systems associ-
ated to endomoprhisms of abelian varieties.
Introduction
An important part of the field of arithmetic dynamics is the study
of the arithmetic properties of algebraic points under iteration of maps
on algebraic varieties. Many of the fundamental problems in this sub-
ject are transpositions to a dynamical setting of classical results and
conjectures in the theory of Diophantine equations. A key tool in the
study of Diophantine equations is the application of local-global prin-
ciples, such as the Hasse principle and the Brauer–Manin obstruction.
In this paper we begin to develop a local-global theory for arithmetic
dynamics.
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Our starting point is a beautiful recent result of Scharaschkin, who
showed in his thesis [6] that the Brauer–Manin obstruction for ratio-
nal points on curves of genus at least 2 can be reformulated in non-
cohomological terms as a purely ade`lic-geometric statement. (See [4] for
an analysis of Scharaschkin’s criterion over function fields.) A straight-
forward translation of Scharaschkin’s ideas into the dynamical setting
yields the following criterion.
Let K be a number field, let X/K be a projective variety, and let
ϕ : X → X
be a K-morphism of infinite order. Let AK denote the ring of ade`les
of K, and for any point P ∈ X(K), write C
(
Oϕ(P )
)
for the closure of
the orbit Oϕ(P ) of P in X(AK). Let V be a subvariety of X that con-
tains no nontrivial ϕ-preperiodic subvarieties (as defined in Section 1).
Definition. [Dynamical Brauer–Manin Obstruction] With the above
notation, we say that V (K) is Brauer–Manin unobstructed (for ϕ) if
for every point P ∈ X(K) we have
Oϕ(P ) ∩ V (K) = C
(
Oϕ(P )
)
∩ V (AK).
In Section 2 (Theorem 4) we show that V (K) is Brauer–Manin unob-
structed for the dth-power map on P2 and varieties V that are translates
of tori in G2m. We also give partial results in Section 3 (Theorem 7)
in the case that V is an arbitrary line in P2. In Section 4 (Theo-
rem 9) we show that V (K) is Brauer–Manin unobstructed for the the
multiplication-by-d map on an abelian variety when V is a translate of
a codimension 1 abelian subvariety of A. All of these result rely on the
existence of primitive divisors (Bang–Zsigmondy type theorems). Fi-
nally, in Section 5 (Theorem 10) we use results of Serre [8] and Stoll [11]
to study the dynamical Brauer–Manin obstruction for multiplication
maps and more general subvarieties of abelian varieties.
Remark 1. Zhang [12, Remark 4.2.3] has also studied algebraic dy-
namics over the ade`les, although the questions that he raises have a
somewhat different flavor from those considered in this paper. Let ϕ :
PN → PN be a morphism of degree d ≥ 2 defined over a number
field K and let S be a finite set of places of K. For each v ∈ S
there is a canonical probability measure µv on Pˆ
N(Cv) attached to ϕ.
(Here PˆN is PN if v is archimedean and PˆN is Berkovich projective
space if v is nonarchimedean. In any case, the construction of µv is
nontrivial.) Let P1, P2, . . . ∈ PN(K¯) be a sequence of algebraic points
such that no infinite subsequence is contained in a preperiodic subva-
riety of PN and assume further that hˆϕ(Pi) → 0 as i → ∞, where hˆϕ
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is the canonical height associated to ϕ. Then Zhang conjectures that
the the set {Pi}i≥1 is equidistributed in
∏
v∈S Pˆ
N(Cv) with respect to
the product measure
∏
v∈S µv.
Acknowledgements. The authors would like to thank Felipe Voloch for
making available a preprint of his paper [4] and Mike Rosen for his
helpful suggestions. The second author would also like to thank Jing
Yu, Yen-Mei Chen, his coauthor, and the NCTS for their hospitality
during his visit when this work was initiated.
1. Definitions and Notation
We set the following notation, which will remain fixed throughout
this paper.
K a number field.
MK the set of inequivalent places of K.
M∞K the set of archimedean places of K.
pv the prime ideal associated to a finite place v ∈MK .
AK the ring of ade`les of K.
X/K a projective variety.
ϕ a morphism ϕ : X → X defined over K.
V a subvariety of X , defined over K.
Oϕ(P ) The (forward) orbit of a point P ∈ X under iteration of ϕ.
C
(
Oϕ(P )
)
The ade`lic closure of Oϕ(P ) in X(AK).
Definition. A subvariety W of X is said to be ϕ-preperiodic if there
are integers n > m such that ϕn(W ) = ϕm(W ). If also dim(W ) ≥ 1,
we say that W is nontrivial.
It is clear that we have an inclusion
Oϕ(P ) ∩ V (K) ⊆ C
(
Oϕ(P )
)
∩ V (AK),
sinceOϕ(P ) is contained in its closure and V (K) is contained in V (AK).
A point in the right-hand side is given by local data, and the following
Brauer–Manin property asks if this local data is sufficient to charac-
terize the set of global points.
Definition. With notation as above, let V ppϕ be the union of all non-
trivial ϕ-preperiodic subvarieties of V . Then we say that V (K) is
Brauer–Manin unobstructed (for ϕ) if for every point P ∈ X(K) sat-
isfying Oϕ(P ) ∩ V ppϕ = ∅ we have
Oϕ(P ) ∩ V (K) = C
(
Oϕ(P )
)
∩ V (AK).
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Since we are assuming that X and V are projective, they are proper
over K, so their sets of ade`lic points are simply the products
X(AK) =
∏
v∈MK
X(Kv) and V (AK) =
∏
v∈MK
V (Kv).
Thus for example, a point Q ∈ X(AK) has the form Q = (Qv)v∈MK
with Qv ∈ X(Kv). Then by definition of the ade`lic (in this case, prod-
uct) topology, a point Q ∈ X(AK) is in C
(
Oϕ(P )
)
but not in Oϕ(P ) if
and only if there is an infinite set of positive integers NP,Q ⊂ N such
that for every v ∈MK ,
Qv = v-lim
n∈NP,Q
n→∞
ϕn(P ). (1)
(We write v-lim to indicate that the limit is being taken in the v-adic
topology.) N.B. The set of integers NP,Q depends on P and Q, but it
must be independent of v ∈MK .
Remark 2. We explain why it is necessary to assume some sort of
condition on the nontrivial ϕ-preperiodic subvarieties of V . Suppose
for example that V contains a nontrivial ϕ-preperiodic subvariety W
and suppose further that W (K) contains a point Q with infinite ϕ-
orbit. We will construct a point P ∈ X(K) with the property that
Oϕ(P ) ∩ V (K) 6= C
(
Oϕ(P )
)
∩ V (AK). (2)
Our assumptions mean that ϕn(W ) = ϕm(W ) for some n > m and
that there is a non-preperiodic point Q ∈ W (K). Replacing ϕ, W ,
and Q by ϕn−m, ϕm(W ), and ϕm(Q), respectively, we have
ϕ(W ) = W and Q ∈ W (K).
The variety W is projective, so W (AK) is compact. The infinite set
Oϕ(Q) is contained in W (AK), so its ade`lic closure contains at least
one accumulation point R. If R is not in Oϕ(Q), then
R /∈ Oϕ(Q) ∩ V (K) and R ∈ C
(
Oϕ(Q)
)
∩ V (AK),
so we are done.
We are reduced to the case that some point ϕk(Q) in the orbit of Q
is an ade`lic accumulation point of the orbit. We set P = ϕk+1(Q).
Note that ϕk(Q) /∈ Oϕ(P ), since we are assuming that Q is not ϕ-
preperiodic. On the other hand, the accumulation points of Oϕ(P )
and Oϕ(Q) in X(AK) are the same, since the two sets differ by only
finitely many elements. Hence
ϕk(Q) /∈ Oϕ(P ) ∩ V (K) and ϕ
k(Q) ∈ C
(
Oϕ(P )
)
∩ V (AK),
so in all cases we have constructed an orbit satisfying (2).
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Remark 3. We will make frequent use of the following elementary ob-
servation. Let f be a rational function on X and let Z(f) be the
support of the polar divisor of f . Then for any v ∈MK , the function f
is continuous on X(Kv)rZ(f) with respect to the v-adic topology. In
particular, if the v-adic closure of the set
{
ϕn(P ) : n ∈ NP,Q
}
in X(Kv)
is disjoint from Z(f), then (1) implies that
f(Qv) = v-lim
n∈NP,Q
f
(
ϕn(P )
)
.
2. Power maps and translated tori
In this section we consider the case that X = P2 and ϕ is a power
map and we show that the rational points on a translated torus are
Brauer–Manin unobstructed.
Theorem 4. let
ϕ : P2 −→ P2, ϕ
(
[X, Y, Z]
)
= [Xd, Y d, Zd]
be the dth-power map for some d ≥ 2. Let k, ℓ ≥ 1, let A,B ∈ K, and
let V ⊂ P2 be the curve
V : AXk = BY ℓ. (3)
Further let P ∈ P2(K) be a point whose ϕ-orbit Oϕ(P ) is infinite. Then
one of the following two statements is true:
(i) Oϕ(P ) ∩ V (K) = C
(
Oϕ(P )
)
∩ V (AK).
(ii) The variety V is preperiodic for ϕ, and there exists an i ≥ 0 such
that Oϕ(P ) ∩ ϕi(V ) is an infinite set.
A key tool in the proof of Theorem 4 is the following classical result
on the distribution of the multiplicative orders of an element of K∗
when reduced modulo primes.
Theorem 5. (Bang, Zsigmondy) Let K be a number field, let λ ∈ K∗
be an element that is not a root of unity, and let
Sλ =M
∞
K ∪ {v ∈MK : |λ|v 6= 1}.
For each v /∈ Sλ, let fv(λ) denote the order of λ in F∗v, the multiplicative
group of residue field at v. Then the set
Nr {fv(λ) : v /∈ Sλ}
is finite, i.e., all but finitely many positive integers occur as the order
modulo p of λ for some prime p of K.
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Proof. This was originally proven by Bang [1], Zsigmondy [13], and
Birkhoff and Vandiver [2] for K = Q. It was extended to number fields
by Postnikova and Schinzel [5] and in strengthened form by Schinzel [7].

We use the Bang–Zsigmondy theorem to prove an ade`lic property of
iterated power maps.
Proposition 6. Let d ≥ 2, let λ, ξ ∈ K∗, let S be a finite set of places
of K, and let N be an infinite sequence of positive integers. Suppose
that for every v /∈ S we have
ξ = v-lim
n∈N
n→∞
λd
n
. (4)
Then both ξ and λ are roots of unity, and there is an integer r > 0
such that ξ = λd
r
.
Proof. If λ is a root of unity, then the set {λd
n
}n≥1 is finite and consists
entirely of roots of unity. Hence the set {λd
n
}n∈N is a discrete subset
of Kv (for any v), so the existence of the limit (4) implies that ξ is one
of the roots of unity in this set.
We assume henceforth that λ is not a root of unity and derive a
contradiction. Without loss of generality, we may adjoin finitely many
places to S, so we may assume that S contains all archimedean places
and that
|λ|v = |ξ|v = 1 for all v /∈ S.
Theorem 5 tells us that that all but finitely many integers appear as
the order of λ modulo pv for some place v /∈ S. Hence after discarding
finitely many elements from the set N , we find for every n ∈ N there
is a distinct place vn /∈ S such that
fvn(λ) = d
n. (5)
For notational convenience, we write pn for the prime ideal associated
to vn. Then (5) implies that
λd
n
= λfvn(λ) ≡ 1 (mod pn).
We also observe that if N ≥ n, then
λd
N
=
(
λd
n)dN−n
≡ 1 (mod pn).
Hence if we choose any list of distinct elements n1, n2, . . . , nt ∈ N , then
λd
N
≡ 1 (mod pn1pn2 · · · pnt) for all N ≥ max{n1, n2, . . . , nt}.
(6)
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We now use the assumption (4) that
ξ = v-lim
n∈N
λd
n
for all v /∈ S.
This says that λd
n
is v-adically close to ξ for all large n ∈ N , so in
particular
λd
n
≡ ξ (mod pi) for all sufficiently large n ∈ N (7)
and all 1 ≤ i ≤ t.
Combining (6) and (7) yields
ξ ≡ 1 (mod pn1pn2 · · · pnt).
But t is arbitrary and the primes pni are distinct, so ξ = 1.
Now (4) becomes
v-lim
n∈N
λd
n
= 1 for all v 6∈ S, (8)
and we want to derive a contradiction to the assumption that λ is not
a root of unity.
Applying Theorem 5 again, we find an infinite set of positive inte-
gers M such that for
gcd(m, d) = 1 for every m ∈M,
and such that for every m ∈M there is a place wm /∈ S satisfying
fwm(λ) = m.
Thus
λm = λfwm (λ) ≡ 1 (mod pm). (9)
On the other hand, the limit (8) tells us that for any m ∈ M there
is a some n(m) such that
λd
n(m)
≡ 1 (mod pm). (10)
Combining (9) and (10) and using the assumption that gcd(m, d) = 1
for all m ∈M, we conclude
λ ≡ 1 (mod pm) for all m ∈M.
Since M is an infinite set and the pm are distinct prime ideals, this
implies that λ = 1, contradicting the assumption that λ is not a root
of unity. 
We now have the tools needed to prove the main theorem of this
section.
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Proof of Theorem 4. We suppose that there is a point
Q ∈ C
(
Oϕ(P )
)
∩ V (AK) with Q /∈ Oϕ(P ) (11)
and will prove under this assumption that V is preperiodic for ϕ and
that Oϕ(P ) ∩ V is an infinite set. As noted earlier, the point Q has the
form Q = (Qv)v∈MK , and the assumption that Q ∈ C
(
Oϕ(P )
)
rOϕ(P )
means that there is an infinite set of positive integers NP,Q ⊂ N such
that for every v ∈MK ,
Qv = v-lim
n∈NP,Q
n→∞
ϕn(P ).
To ease notation, we will leave off the n→∞ and the dependence on P
and Q and write simply v-limn∈N to mean the v-adic limit as n → ∞
with n ∈ NP,Q.
Let P = [α, β, γ]. We consider first the case that αβγ 6= 0, so we
may dehomogenize by setting γ = 1. Let S be the set
S =M∞K ∪ {v ∈MK : |α|v 6= 1} ∪ {v ∈MK : |β|v 6= 1},
so in particular, α and β are both S-units. (In the notation of Theo-
rem 5, we have S = Sα ∪ Sβ.)
The fact that
Qv = v-lim
n∈N
ϕn(P ) = v-lim
n∈N
[
αd
n
, βd
n
, 1
]
implies that for all v /∈ S, the point Qv has the form
Qv = [xv, yv, 1] with |xv|v = |yv|v = 1,
and further the sequences {αd
n
}n∈N and {βd
n
}n∈N converge v-adically
in Kv with
xv = v-lim
n∈N
αd
n
and yv = v-lim
n∈N
βd
n
.
Let f(x, y) = Axk − Byℓ. We view f as a rational function on P2
and observe that f(x, y) = 0 is an affine equation for V . Since the
quantities α, β, xv, and yv are all v-adic units (remember that are
assuming that v /∈ S), it follows that the v-adic closure of the set{
ϕn(P ) : n ∈ N
}
is disjoint from the polar divisor of f . Also by assumption we have Qv ∈
V (Kv), so f(Qv) = 0. Hence applying Remark 3, we find that
0 = v-lim
n∈N
f
(
ϕn(P )
)
= A ·
(
v-lim
n∈N
αd
n)k
−B ·
(
v-lim
n∈N
βd
n)ℓ
.
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It follows that A and B are nonzero, since α and β are v-units, so a
little bit of algebra yields
v-lim
n∈N
(
αk
βℓ
)dn
=
B
A
. (12)
Now Proposition 6 tells us that B/A and αk/βℓ are roots of unity
and that there is an integer r ≥ 1 such that(
αk
βℓ
)dr
=
B
A
. (13)
The fact that B/A is a root of unity implies that V is preperiodic
for ϕ. To see this, we write V[A,B] in order to indicate the dependence
of V on the parameter [A,B] ∈ P1. It is clear from the definition of ϕ
and V that ϕ
(
V[A,B]
)
= V[Ad,Bd], and hence
ϕn
(
V[A,B]
)
= V[Adn ,Bdn ].
It thus suffices to find n > m satisfying [Ad
n
, Bd
n
] = [Ad
m
, Bd
m
], which
can be done since B/A is a root of unity. Hence V is preperiodic for ϕ.
Let i ≥ 0 be an integer so that ϕi(V ) is periodic for ϕ, say with
period q. The formula (13) says that ϕr(P ) ∈ V , so we find that
ϕi+r+qj(P ) ∈ ϕi(V ) for all j ≥ 0. This proves that Oϕ(P ) ∩ ϕi(V )
is an infinite set, which completes the proof of Theorem 4 under the
assumption that αβγ 6= 0.
It remains to deal with the case αβγ = 0, where we recall that P is
the point P = [α, β, γ] ∈ P2. Suppose first that γ = 0. The assumption
that Oϕ(P ) is infinite implies that αβ 6= 0, so we can dehomogenize
and write P = [α, 1, 0] with α 6= 0. Then just as in the case γ = 1, we
find that
Qv = v-lim
n∈N
[
αd
n
, 1, 0
]
for all v /∈ S,
and the fact that Qv ∈ V tells us that
v-lim
n∈N
αd
n
= B/A.
Applying Proposition 6 again, we conclude that α and B/A are roots
of unity. But this implies the point P = [α, 1, 0] is preperiodic for ϕ,
contradicting to our assumption that P has infinite orbit.
Next suppose that γ 6= 0 and β = 0. We dehomogenize P in the
form P = [α, 0, 1], and then
Qv = v-lim
n∈N
[
αd
n
, 0, 1
]
.
Taking any v with |α|v = 1, the fact that Qv = [xv, 0, 1] ∈ V implies
that Axkv = B · 0
ℓ = 0, so A = 0. (Note that xv 6= 0 since |xv|v = 1.)
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Thus V is the line Y = 0, i.e., it is given by the equation BY ℓ = 0, so
it is fixed by ϕ and the entire orbit Oϕ(P ) lies on V .
Finally, if α = 0, the same argument shows that B = 0, so V is the
line X = 0, hence is fixed by ϕ and Oϕ(P ) ⊂ V . 
3. Power maps and linear varieties
In this section we again take ϕ to be the a power map
ϕ : P2 −→ P2, ϕ
(
[X, Y, Z]
)
= [Xd, Y d, Zd]
and consider a line V ⊂ P2 given by an equation
V : AX +BY + CZ = 0. (14)
Let
P = [α, β, γ] (15)
be the given point with infinite ϕ-orbit.
Note that if ABC = 0, then Theorem 4 says that V (K) is Brauer–
Manin unobstructed. We now prove analogous results for ABC 6= 0
when P has various special forms.
Theorem 7. Let V and P be as given in (14) and (15) and assume
that ABC 6= 0. Further assume that one of the following is true:
(a) One of the ratios α/β, β/γ, or α/γ is a root of unity.
(b) One of the coordinates α, β, or γ is zero.
Then
Oϕ(P ) ∩ V (K) = C
(
Oϕ(P )
)
∩ V (AK).
(It is easy to check that the assumption that ABC 6= 0 implies that V
cannot be preperiodic for ϕ.)
Proof. (a) It suffices to consider the case that β/γ is a root of unity.
Dividing the equation of V by −CZ and the coordinates of P by −γ,
without loss of generality we can use affine coordinates of the form
V : Ax+By = 1 and P = (α, β).
Our assumptions are that AB 6= 0 and β is a root of unity. Further,
since P has infinite ϕ-orbit, it follows that α 6= 0 and α is not a root
of unity.
We assume that there is a point
Q ∈ C
(
Oϕ(P )
)
∩ V (AK) with Q /∈ Oϕ(P )
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and derive a contradiction. (We will show that this forces α to be a
root of unity.) As in the proof of Theorem 4, we let N = NP,Q be an
infinite set of integers so that
Qv = (xv, yv) = v-lim
n∈N
ϕn(P ) = v-lim
n∈N
(
αd
n
, βd
n)
for all v ∈ MK r Sα.
The assumption that β is a root of unity implies that βd
n
takes on
only finitely many distinct values, so replacing N with a subsequence,
we may assume that βd
n
= β0 is constant for all n ∈ N . Thus
xv = v-lim
n∈N
αd
n
and yv = β0 for all v ∈MK r Sα.
Note that β0 is a root of unity.
The fact that Qv ∈ V tells us that for all v with |α|v = 1.
v-lim
n∈N
αd
n
= xv =
1− Bβ0
A
for all v ∈MK r Sα.
It follows from Proposition 6 that α is a root of unity, contradicting
our assumption that P has infinite ϕ-orbit.
(b) By symmetry, we may assume that γ = 0. Then the fact that P
is not preperiodic implies that αβ 6= 0 and α/β is not a root of unity.
Dehomogenizing P with respect to the Y -coordinate, we can write P
in the form P = [α, 1, 0] with α not a root of unity. Suppose now that
Oϕ(P ) ∩ V (K) 6= C
(
Oϕ(P )
)
∩ V (AK).
Then as in the proofs of Theorem 4 and part (a) of this proposition,
there is a finite set of places S so that
Av-lim
n∈N
αd
n
+B · 1 = C · 0 for all v /∈ Sα.
We have AB 6= 0 by assumption, so Proposition 6 tells us that α is
a root of unity, contradicting our assumption that P has infinite ϕ-
orbit. 
4. Abelian Varieties and Translated Abelian Subvarieties
In this section we prove an analog of Theorem 4 for abelian vari-
eties. The key tool will be the following elliptic analog of the Bang–
Zsigmondy theorem (Theorem 5).
Theorem 8. Let E/K be an elliptic curve defined over a number
field K, let P ∈ E(K) be a nontorsion point, and let S ⊂ MK be a
finite set of places including M∞K and all place of bad reduction for E.
For each place v /∈ S, let fv(P ) be the order of P (mod pv) in E(Fpv).
Then the set
Nr
{
fv(P ) : v /∈ S
}
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is finite.
Proof. See [9] for the case K = Q and [3] for general number fields. We
note that the assertion of Theorem 8 is not an elementary fact, since its
proof requires a strong form of Siegel’s theorem [10, IX.3.1] on integral
points on elliptic curves. 
Theorem 9. Let K/Q be a number field, let A/K be an abelian variety,
and let B/K be an abelian subvariety of A of codimension 1. We fix a
point T ∈ A(K) and let V = B + T be the translation of B by T .
Let d ≥ 2 be an integer and consider the multiplication-by-d map
[d] : A→ A.
Let P ∈ A(K) be a nontorsion point. Then one of the following two
statements is true:
(i) Od(P ) ∩ V (K) = C
(
Od(P )
)
∩ V (AK).
(ii) The variety V is [d]-preperiodic.
Further, in case (ii), the point T has finite order in the quotient vari-
ety A/B.
Proof. Suppose that (i) is false, and let
(Qv)v∈MK ∈ C
(
Oϕ(P
)
) ∩ V (AK) with (Qv)v∈MK /∈ Oϕ(P ) ∩ V (K).
As in the proof of Theorem 4, this means that there is an infinite set
of positive integers N ⊂ N such that for every v ∈MK ,
Qv = v-lim
n∈N
n→∞
[dn](P ) ∈ V (Kv).
We now pass to the quotient abelian variety E = A/B. Since B
has codimension 1 in A, it follows that E is an abelian variety of di-
mension 1, i.e., E is an elliptic curve. For convenience, we use bars to
denote the image of points of A in E. Note that Qv ∈ V = B + T , so
on the quotient variety we see that
Q¯v = T¯ ∈ E
is independent of v. Hence for every v ∈MK we have
v-lim
n∈N
n→∞
[dn](P¯ ) = T¯ in the v-adic topology, (16)
so in particular, for every v ∈MK there is an Nv so that
[dn](P¯ ) ≡ T¯ (mod pv) for all n ∈ N with n ≥ Nv. (17)
We consider two cases. First, suppose that P¯ ∈ E(K) is a nontorsion
point. Then we can apply the elliptic Zsgmondy theorem (Theorem 8)
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to P¯ ∈ E(K). This tells us that for all but finitely many n ∈ N there
is a place vn ∈MK such that
fvn(P¯ ) = d
n, (18)
i.e., the point P¯ mod pvn has order d
n in E(Fpvn ). Hence if m ≥ n,
then
[dm](P¯ ) = [dm−n][dn](P¯ ) = [dm−n][fvn ](P¯ ) ≡ O¯ (mod pvn). (19)
Now choose distinct integers n1, n2, . . . , nt ∈ N so that (18) is true
and, to ease notation, let v1, v2, . . . , vt be the associated valuations.
Then for any integer m ∈ N satisfying
m ≥ max{Nv1 , Nv2 , . . . , Nvt , n1, n2, . . . , nt}
we have for every 1 ≤ i ≤ t,
[dm](P¯ ) ≡ T¯ (mod pvi) from (17),
[dm](P¯ ) ≡ O¯ (mod pvi) from (19).
Hence
T¯ ≡ O¯ (mod pvi) for all 1 ≤ i ≤ t.
Since t is arbitrary, we conclude that T¯ = O¯. Thus T ∈ B, which
implies that V = B+T = B, since B is an abelian subvariety of A. In
particular, V is preperiodic for [d], since in fact [d](V ) = V .
Next we suppose that P¯ is a torsion point of E(K). Then the set
of points
{
[dn](P¯ ) : n ∈ N
}
is finite, so the existence of the limit (16)
implies that T¯ is one of the torsion points appearing in this set. Hence
[dn](V ) = [dn](B + T ) = B + [dn](T )
takes on only finitely many values, so V is preperiodic for [d]. 
5. Abelian Varieties and General Subvarieties
In this section we prove a local-global result for dynamical sys-
tems on abelian varieties that is related to the Brauer–Manin obstruc-
tion. Roughly speaking, we assume that V (K) is Brauer–Manin unob-
structed in A(K) (as described in Theorem 10 (ii) below) and we prove
that orbits of multiplication maps are Brauer–Manin unobstructed. We
set the following notation
K/Q a number field.
A/K an abelian variety.
V/K a subvariety of A/K.
A(Kv)
0 identity component of A(Kv) for v ∈M∞K , 0 for v ∈M
0
K .
A(AK)• =
∏
v∈MK
A(Kv)/A(Kv)
0.
V (AK)• the image of V (AK) under the projectionA(AK)→ A(AK)•.
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Theorem 10. We make the following assumptions :
(i) V does not contain a translate of a positive-dimensional abelian
subvariety of A.
(ii) V (K) = V (AK)•∩C
(
A(K)
)
, where the closure and the equality
take place in A(AK)•.
Then for all integers d ≥ 2 and all nontorsion points P ∈ A(K) we
have
V (K) ∩ Od(P ) = V (AK)• ∩ C
(
Od(P )
)
.
(Here Od denotes the orbit under the multiplication-by-d map on A.)
The proof of Theorem 10 uses the following results of Serre and Stoll.
Theorem 11. Let
Aˆ(K) = A(K)⊗ Zˆ
be the profinite completion of A(K), and let S be a set of places of K
of density 1.
(a) The map
Aˆ(K) −→
∏
v∈S
A(Kv)/A(Kv)
0
is injective.
(b) The natural map Aˆ(K) → A(AK)• induces an isomorphism be-
tween Aˆ and C
(
A(K)
)
, the topological closure of A(K) in A(AK)•.
(c) Assume further that S ⊂ M0K and that A has good reduction at
every place in S. Then the composition of the natural maps
Aˆ(K) −→
∏
v∈S
A(Kv) −→
∏
v∈S
A(Fv)
is injective.
Proof. (a) and (b) are part of [8, Theorem 3], and we refer to [11,
Proposition 3.7] for the proof. The statement in (c) is part of [11,
Theorem 3.10]. 
Corollary 12. Let H be a subgroup of A(K) and let C(H) be the
closure of H inside A(AK)•. Then under the assumption
V (K) = V (AK)• ∩ C
(
A(K)
)
(20)
from Theorem 10, we have
V (K) ∩H = V (AK)• ∩ C(H).
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Proof. Using the assumption (20), we have
V (K) ∩H ⊂ V (AK)• ∩ C(H) ⊂ V (AK)• ∩ C
(
A(K)
)
= V (K), (21)
Now let Q ∈ V (AK)• ∩ C(H) ⊂ V (K) and suppose that Q /∈ H . Then
by definition there is a sequence of points
P1, P2, P3, · · · ∈ H such that lim
n→∞
Pn = Q in the ade`lic topology.
In particular, if A has good reduction at v ∈M0K , then
Q ≡ Pn (mod pv) for all sufficiently large n.
But every Pn is in H , so we conclude that for all but finitely many v ∈
MK we have
Q mod pv ∈ H mod pv.
The group A(K) has no non-trivial divisible elements, so the natural
map A(K)→ Aˆ(K) is an injection. It follows from Theorem 11(c) that
Q ∈ H. This contradiction proves the inclusion
V (AK)• ∩ C(H) ⊂ H,
which completes the proof of Corollary 12. 
We now have the tools needed to prove the main result of this section.
Proof of Theorem 10. Let H = ZP be the (free) subgroup of A(K)
generated by P , so in particular Od(P ) ⊂ H. Then
V (AK)• ∩ C
(
Od(P )
)
⊂ V (AK)• ∩ C(H) = V (K) ∩H. (22)
where the equality is from Corollary 12. Now let
Q ∈ V (AK)• ∩ C
(
Od(P )
)
.
It follows from (22) that Q ∈ V (K) is a K-rational point of V and
further that Q ∈ H , so Q = mP for some integer m.
Suppose now that Q /∈ Od(P ). Then we can find an infinite sequence
of positive integers {r1, r2, r3, . . . } so that
lim
i→∞
driP = Q = mP in the ade`lic topology.
Theorem 11(a,b) tells us that
C(H) = H ⊗ Zˆ,
which implies that dri → m in Zˆ as i → ∞. Hence for every prime p
we have
m = p-lim
i→∞
dri.
Taking p to be any prime dividing d (this is where we use the assump-
tion that d ≥ 2), we find that m = 0. On the other hand, if p is a
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prime not dividing d, then |d|p = 1, so |m|p = 1. This contradiction
shows that
V (AK)• ∩ C
(
Od(P )
)
⊂ Od(P ),
which completes the proof of Theorem 10. 
Remark 13. More generally, let ϕ : A → A be a K-endomorphism
of A with the property that the subring Z[ϕ] ⊂ End(A) is an inte-
gral domain. (If A is geometrically simple, this will be true for any
endomorphism ϕ of infinite order.) Then we can repeat the proof of
Theorem 10, mutatis mutandis, using the subgroup H = Z[ϕ]P and
the fact that the fraction field of Z[ϕ] is a number field. Note that if A
is not simple, then it is possible for Z[ϕ] to have zero-divisors.
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